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Abstract. We consider sequences of open Riemannian manifolds with boundary that have 
no regularity conditions on the boundary. To define a reasonable notion of a limit of such 
a sequence, we examine "<5 inner regions" which avoid the boundary by a distance <5. We 
prove Gromov-Hausdorff compactness theorems for sequences of these "c5 inner regions". 
We then build "glued limit spaces" out of the Gromov-Hausdorff limits of these 6 interior 
regions and study the properties of these glued limit spaces. Our main applications as- 
sume the sequence is noncollapsing and has nonnegative Ricci curvature. We include open 
questions. 
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1. Introduction 

Recall that Gromov's Ricci Compactness Theorem states that a sequence of compact 
Riemannian manifolds with nonnegative Ricci curvature and a uniform upper bound on 
diameter has a subsequence which converges in the Gromov-Hausdorff sense to a metric 
space [7 |. When the sequence of manifolds is noncollapsing, then the Gromov-Hausdorff 
limit spaces have a variety of proporties, particularly restrictions on their metrics, their 
Hausdorff measures, and their topologies. These properties were proven by Cheeger, Cold- 
ing, Naber, Wei and the second author (c.f. Q, 0, and IflOl ). 

Here we consider an open Riemannian manifold, (M'",g), endowed with the length 
metric, cIm, as in (j4j). We define the boundary to be 

(1) dM - M\M 

where M is the metric completion of M. For example, (M m ,g) may be a smooth manifold 
with boundary. However, we do not require any smoothness conditions on this boundary. 

First observe that Gromov's Ricci Compactness Theorem does not hold for precompact 
open manifolds with boundary that have a uniform upper bound on diameter even if they 
are flat and two dimensional: 

Example 1.1. The j-fold covering spaces, Mj, of the annulus, Ann^(l/ j, 1) c E 2 , depicted 
in Figure^ are flat surfaces such that 

(2) DiamtM;) <2+nand Vol(M ; ) = j(n - tt( 1 / j) 2 ). 



See Remark 5.5 for the proof that there is no subsequence of these spaces with a Gromov- 



Hausdorff limit. 




Figure 1. Models of Example 1 1.1 1 M 2 , M 3 , M 4 ... 

Assuming both a uniform upper bound on volume and diameter, we still do not have 
Gromov-Hausdorff compactness: 

Example 1.2. The smooth regions, Mj c E 2 , with many splines depicted in Figure^have 
no subsequence with a Gromov-Hausdorff limit. See Example 2.13 for details. 




Figure 2. Models of Example 



1.2 



Mi, M 6 , M 8 , M xl . 
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In fin and [9|, Wong and Kodani have proven compactness theorems assuming curva- 
ture controls on the boundary. Since we do not wish to assume the boundary is smooth, 
we prove compactness theorems for regions which avoid the boundary [Theorem |1.4|. We 



then glue together the limits of these regions [Theorem 6.3 and prove these glued limit 
spaces have nice properties [Theorem |8.8| . 

Definition 1.3. Given an open Riemannian manifold, (M, gM), and a positive 8 > 0, we 
define the 6 inner region as follows 

(3) M s = [x € M : d M (x, dM) > d\ 
where dM is defined as in ((TJ, 

(4) d M (x,y) := inf [L g (C) : C : [0, 1] -> M, C(0) = x, C(l) = y} 
and 

(5) L g (C)= f g(C'(t),C'(t))dt. 

Jo 

Note that there are two metrics on the 6 interior region, M s : the restricted metric, dM, 
and the induced length metric, 

(6) d M s(x,y) := inf {l s (C) : C : [0, 1] M 6 , C(0) = x, C(l) = y}. 

Note that d M j is only defined between points in connected components of M 6 . The intrinsic 
diameter 

(7) Diam(M 5 , d M s) — sup \d M s(x,y) : x,y e M' 

will be infinite if M s is not connected by rectifiable paths. 

Theorem 1.4. Given m e N, 6 > 0, D > 0, V > 0, and 6 > 0, set M'g AD,v to be the class 
of open Riemannian manifolds, M, with boundary of dimension m, with nonnegative Ricci 
curvature, Vol(M) < V, and 

(8) Diam(M d , d M i) < D, 
that are noncollapsing at a point, 

(9) 3<? € M 6 such that Mo\{B q (S)) > 66 m . 

If(Mj,gj) c Mg AD ' v , then there is a subsequence, (M 6 ,<f M ), such that the metric com- 
pletions with the restricted metric, dM P converge in the Gromov-Hausdorff sense to a met- 
ric space, (Y , d). 

Example |1.2| satisfies the conditions of this theorem, demonstrating why we can only 
obtain Gromov-Hausdorff convergence of the M S j instead of the Mj themselves. The M 6 . of 
Example 1 1.1 1 do not have Gromov-Hausdorff converging subsequences (see Remark 5.5 i 
demonstrating the necessity of the hypothesis requiring an upper volume bound. In The- 
orem |5~3] stated within, we remove the intrinsic diameter condition, (f8T>, and the noncol- 



lapsing condition, ( 200 1, and assume conditions on closed geodesies and constant sectional 
curvature instead. 



Theorem 1.4 and Theorem |5.2| are proven in Section pi First we review of Gromov- 
Hausdorff convergence in Section [2] In Sections [3] and J4] we study the limits of inner 
regions in sequences of manifolds that have Gromov-Hausdorff limits. See in particular 
Theorem 4. 1 These sections contain many examples. 
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In Section [6] we define glued limit spaces for any sequence of open Riemannian man- 
ifolds, (Mj,gj) assuming that for all 6 > 0, (M S j,dj) converge in the Gromov-Hausdorff 
sense to a metric space (Y'\ dg). We build a "glued limit space", (Y, dy), from these Y 6 
in Theorem 6.1 and Theorem 6.3 Note that this glued limit space may exist even when 



(Mj,dj) has no Gromov-Hausdorff limit as in Examples 2.13 [Remark 6.10|. The glued 
limit may not be precompact even when one has a sequence of flat Riemannian manifolds 
with boundary [Examples 6. 1 1 and 6. 12 1. 



In general the glued limit space of a sequence of Mj need not be unique [Example 6.16| . 
However, if the (Mj,dM,) have a Gromov-Hausdorff limit, (X, a?x),then the glued limit 
space is unique and is embedded isometrically into X [Remark [6.7| . Example 4.10 demon- 
strates that these limits need not be isometric even when the (Mj,gj) are regions in the 
Euclidean plane satisfying all the hypothesis of Theorem 1.4 [Remark |6.8| . Intuitively, re- 
gions which collapse relative to the boundary disappear while regions which collapse that 
lie far from the boundary, need not disappear. 

In Section [7] we apply Theorems 5.2 and 1.4 to construct glued limit spaces for se- 
quences of manifolds with curvature bounds [Theorems |7.1| and 7.4 In Section [8] we 
explore the properties of these glued limit spaces. First we present an example where the 
curvature bounds in the sequence of manifolds is lost in the Gromov-Hausdorff limit [Ex- 
ample |8T|. Then we prove Proposition 8.4 concerning glued limits of manifolds with con- 



stant sectional curvature. We close with Theorem 8.8 proving that glued limits constructed 



under the conditions of Theorem | 1 ,4| have Hausdorff dimension m, Hausdorff measure < V, 
and positive density everywhere. This final theorem is proven using Theorem |8 . 3 1 which 
proves certain balls in glued limit spaces are the Gromov-Hausdorff limits of nice balls in 
the open manifolds, combined with the Bishop-Gromov Volume Comparison Theorem [7 1 
and Colding's Volume Convergence Theorem 0. 

Throughout the paper we state open questions: Question |6.14| Question |8.6| Ques- 



tion |8.7| Question |8.10| and Question |8.9| The first author is in the process of proving 
Question 8.10 as part of her doctoral dissertation. Please contact us if you would like to 
work on one of the other open questions or if you are interested in extending our theorems 
to the setting where the sequence has a negative uniform lower Ricci curvature bound or is 
allowed to collapse. 

We would like to thank Stephanie Alexander (UIUC) for informing us about the work 
of Wang and Kodani when we first began to explore the question. We'd like to thank 
Frank Morgan (Williams) for his interest and encouragement. We'd like to thank Pedro 
Solorzano (UC Riverside) for looking over some of the proofs. Thanks to Tabitha (IS 
25), Penelope (IS 25) and Kendall (PS 32) for building the models of Examples 1 . 1 



1.2 
1.1 



depicted in Figures [T| [2] and [5] and for computing the areas of the manifolds in Example 
as part of a K-12 outreach. Finally we would like to thank Jorge Basilio (CUNY), Christine 
Briener (MIT), Maria Hempel (ETH Zurich), Sajjad Lakzian (CUNY), Christopher Lonke 
(Carnegie Mellon), Mike Munn (U Missouri at Columbia), Jacobus Portegies (Courant, 
NYU), and Timothy Susse (CUNY) for actively participating with us in the CUNY Metric 
Geometry Reading Seminar in the Summer of 2012. 



2. Background 



Here we review Gromov-Hausdorff convergence and Gromov's Compactness Theorem 
0. A good resource for this material is (TJ. 



SEQUENCES OF OPEN RIEMANNIAN MANIFOLDS WITH BOUNDARY 



5 



2.1. Hausdorff Convergence. In f7), Gromov denned the Gromov-Hausdorff distance 
between pairs of compact metric spaces. We review this definition here. 

Definition 2.1 (Hausdorff). The Hausdorff distance between two compact subsets, A\,A2, 
of a metric space, Z, with metric, dz, is defined 

(10) d z H (A u A 2 ) = inf [r : A x c T r (A 2 ), A 2 c 7V(Ai)} 
where the tubular neighborhood, T r (A) — [x e Z : dz(x, A) < r}. 

Observe that if one has a sequence of compact subsets Aj c Z such that dn(Aj, A ra ) — > 0, 
then for all a e A^ there exists ay e Aj such that lirny_„xj aj = a. One also has the following 
lemma: 

Lemma 2.2. Suppose A&, c Z are compact, d^(Aj,A a ,') — hj — > and aj e Aj such that 
dziajjOoa) — 5j — > 0. Then for all r > ?/iere ex/sfs rj — r + 6/ + hj r such that the 
closed balls converge 

(11) dn(B aj (rj) n Aj, fi fl » n A M ) -» 0. 

Here we are not assuming A M or Ay are length spaces. For completeness of exposition 
we include the proof of this well known lemma: 

Proof. Suppose x e B flco (r) n A^,, then dz(x, ««,) < r and x e A M c T^XAj). So there exists 
Vj e Aj such that dz(x,y j) < hj. By triangle inequality, 

(12) d(yj, aj) < d(y>j, x) + d(x, aoo) + d(aoo,CLj) < hj + r + 6j — rj. 
Thus 

(13) B a Jr) n Ao, c T h .{B a .{rj) n A;). 
Now we need only show there exists Sj — > such that 

(14) B ai {rj) n Aj c T Bj {B a Jr) n AJ. 

Suppose not. Then there exists eo > such that for all j sufficiently large, there is an 

(15) Xj e (B aj {rf) n A,) \ T So (B a Jr) n A™). 

Since Z is compact and ^(^(rJnAo,) is open, a subsequence of the Xj converge to some 

(16) Xoo t ^(fi a .(r)nA„). 

Since d{xj,aj) < rj, we have dfi,,,!!,.) < r. Since xy e Aj, there exists Vj e A M such that 
d{xj,yj) < hj. By the triangle inequality 

(17) y j eB a Jr + h j )r\A ca . 
Observe that for our subsequence yj — > jc m , thus 

(18) x M e B a Jr) n A M c r„(^(r)nA„) 

which is a contradiction. □ 
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2.2. Gromov-Hausdorff Convergence. 

Definition 2.3. An isometric embedding, tp : (X, dx) — > (Z, <f z ) between metric spaces is a 
mapping which preserves distances: 

(19) dz(<p(x\),<p(x 2 )) = dx(xux 2 ) 

Definition 2.4 (Gromov). The Gromov-Hausdorff distance between a pair of compact met- 
ric spaces, (X\ , dx, ) and (X 2 , dx 2 ) is defined 

(20) d GH ((X u d Xl ),(X 2 ,dx 2 j) = mf{d z (<p 1 (X 1 ),<p 2 (X 2 )): ipr.X^z) 

where the infimum is taken over all isometric embeddings ipi : X, — » Z and all metric 
spaces, Z. 

Gromov proved that the Gromov-Hausdorff distance is a distance on the space of com- 
pact metric spaces. When studying metric spaces, X t , which are only precompact, one takes 
the metric completions, X { , before comparing such spaces using the Gromov-Hausdorff 
distance: 

Definition 2.5. Given a precompact metric space space, (X, dx), the metric completion, 
(X,dx), consists of equivalence classes of Cauchy sequences, \x 1 ,x 2 ,xj,, ...), in X, where 

(21) d x ({xj), {yj}) = lim d x (Xj,yj) 

and two Cauchy sequences are equivalent if the distance between them is 0. There is an 
isometric embedding 

(22) if : X — > X such that tp(x) = \x, x, x, ...}. 
In this paper we define the boundary of an open metric space 

(23) dX = X \ X. 

When M is a smooth Riemannian manifold with boundary, then this notion of boundary 
agrees with the standard notion of boundary. However, if M is a smooth Riemannian 
manifold with a singular point removed, then the boundary in our setting is just the missing 
singular point. 

2.3. Lattices and Gromov-Hausdorff Convergence. One technique that can be applied 
to produce amazingly complicated Gromov-Hausdorff limits from surfaces, is to construct 
lattices. The basic well known lemma is as follows: 

Lemma 2.6. Let X = [a\ , b\ ] x • • • x [a^, bt] with the taxi product metric 

k 

(24) dx((x u ...x k ),( yi ,...y k )) = J]\x i -y i \. 

i=l 

Then for any s > there exists a 2 dimensional manifold M e such that 

(25) d CH (M E ,X)<s. 

The classic application of this lemma is to construct a Gromov-Hausdorff limit of Rie- 
mannian surfaces which is infinite dimensional: 

Example 2.7. Let X } = [0, 1 ] X [0, 1 /2] x • • • x [0, 1 /2 j ] with the taxi metric and let 

(26) X = [0, 1] x [0, 1/2] x • • • x [0, 1/2^'] x • • • 
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be the infinite dimensional space also with the taxi metric: 

oo 

(27) dx((x u x 2 , ...),(yi,y2, ■■■)) = 2_ I \xi-yt\. 

!=1 

Then 

OO 

(28) d CH (X k ,X) < £ l/2> = 1/2* -> 0. 

77!ms fey Lemma [Z6| we /zave a sequence of surfaces converging to X as well. 

Since we are interested in manifolds with boundary, we will prove a stronger version of 
Lemma [2~6*| that can be applied to produce examples later in the paper. 

Proposition 2.8. Suppose X — [ai,b\] X • • • X [a^,^] vv/ffe f/ze fax/ product metric and 
A C dX (possibly empty), then for any e > f/iere ex/sfs an open Riemannian surface, M, 
with boundary, dM (possible empty) such that 

(29) d CH (M, X)<e and d CH (dM, A) < s. 

We can also prove that if we have a collection ofX k and A^ C dX k as above with subsets 
B k C X% and isometric embeddings ip^ : B k +\ — > B k , and we glue together X — X\ YA X2 U 
• ■ • U Xk along these isometric embeddings, and set A — UA^ C X, then for any e > we 
have an open Riemannian surface, M, with boundary, dM (possible empty) such that 

(30) d GH (M, X) < s and d C H(dM,A) < s. 
In fact, for any 5 > 0, using the restricted distances, we have 

(31) d CH ((M \ T s (dM), d M ), (X \ T S (A), d x )) < e. 

Proof. For the first part, we take a lattice Y' e c Y s c X such that X c T S /2(Y B ). Here we 
use Y' e to denote the points and Y s to include 1 dimensional edges between the points in 
the lattice. Observe that drjyuyi) = dx(yi,yi) because we are using the taxi norm. Let 
A e e Y' s be chosen such that A e c T s/2 (A). So 

(32) d CH (Y e ,X) < e/2 and d CH (A e ,A) < s/2. 

Note that we may now view Y s as a graph. For example, if X = [0, 5] x [0, 6] and A = 
[0, 5] x {6} and e = 1, then the left side of Figure [3]is the graph Y s with A s is depicted in 
red. 

Next we construct a smooth surface M by replacing the lattice points in A E c Y' s by small 
hemispheres of diameter << s and lattice points in Y' E \ A e by small spheres of diameter 
<< e. We replace the line segments in Y e by arbitrarily thin cylinders of the same length, 
small enough that we can glue them to their corresponding spheres smoothly replacing 
disjoint balls in those spheres or hemispheres. This creates a smooth manifold, M, such 
that dM is a union of the boundaries of the hemispheres such that 

(33) d CH {Y s , M) < e/2 and d CH (A B , dM) < s/2. 

See the right side of Figure [3] where M 2 is depicted in black and dM 2 is in red. This 
completes the first claim in the proposition. 

To complete the rest, we take consisting of tubes joined at spheres and hemispheres 
close to Xk as above such that 



(34) 



d GH (X k , M k ) < e/k and d CH (A k , dM k ) < s/k. 
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Figure 3. A e c Y s and dM c M as in the proof of Proposition 2.8 
Note that these graphics will be improved before publication. 



Note that in the construction above we could have created B' k c Y! corresponding to B^. We 
have s/(2k) almost distance preserving maps \p' k : B', + , — > B' k . So now we glue together 
the M), to form M as follows. If b e B', maps to if/ k (b) e B' k we connect the sphere or 
hemisphere corresponding to b in Mi to a sphere or hemisphere corresponding to ij/kib) in 
Mit+\ by a very short, very thin tube. □ 

2.4. Review of Gromov's Compactness Theorem. In Q, Gromov proved a compact- 
ness theorem for sequences of compact metric spaces. We review this theorems and related 
propositions here. 

Theorem 2.9. [Gromov] Given a D > and a function N : (0, D] — > N, we define the 
collection, Ai D ' N of compact metric spaces, (X, dx) with diameter < D that can be covered 
by N( e) balls of radius e > 0: 

N(e) 

(35) Ic[J B Xi (e). 

(=i 

This collection Ai D ' N is compact with respect to the Gromov-Hausdorff distance. 

It is standard to determine whether a metric space lies in such a compact collection by 
examining maximal collections of disjoint balls: 

Proposition 2.10. Given a metric space (X, dx)- Let N be the maximum number of pairwise 
disjoint balls of radius e/2 that can lie in X. Then the minimum number of balls of radius 
e required to cover X is < N. 

Proof. Let {B Xt (e/2) : i = 1, ...,A0 be a maximal collection of pairwise disjoint balls of 
radius e/2. Let x e X. Then 3/ € {1,...,A0 such that B Xi (e/2) n B x (e/2) + 0. Thus 
dx(x, x,) < e and 

N 

(36) X<z\jB Xi (e). 

□ 

In a Riemannian manifold or metric measure space, the volumes of balls may thus be 
applied to determine the function, Af. 
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Proposition 2.11. If there exists > such that 

(37) Vol(B p (e)) I Vol(M) > 

then the maximum number of disjoint balls of radius e is < 1/0. 
Proof. 

N N 

(38) Vol(M) > Y Vol(B Xi (e)) >J] @ Vol(M) = N& Vol(M). 

i=i i=i 

□ 

Gromov applies his compactness theorem in conjunction with these propositions to 
study the compactness of sequences of compact Riemannian manifolds for which one is 
able to control the volumes of balls. We will apply the same idea to study sequences of 
metric completions of open manifolds. 

One of the beauties of Gromov's Compactness Theorem, is that he has proven the con- 
verse as well: 

Theorem 2.12. [Gromov] Suppose (Xj, dj) are compact metric spaces. Suppose that there 
exists €q > such that Xj contains at least j disjoint balls of radius £q. Then no subse- 
quence of the Xj has a Gromov-Hausdorff limit. 

GH 

In particular, if (Xj, dx) — > (X, dx) then they have a uniform upper bound on diameter. 
Nor can they have many splines, as in the following example: 

Example 2.13. Let 

(39) Mj = {(6,r): 6 e S 1 , r 6 (1,3 +cos(j(0))} 

with metric gj = dr 2 + r 2 d0 2 . Then Vol(My) < n4 2 and Diam(M/) < 3 + 7r + 3 with 
sectional curvature. 

Observe that in Mj, the balls of radius 1 about (Ink) j, 3) are disjoint because paths 
between these points in Mj must reach within r < 2 between the splines and so have length 
> 2(3 — 2). Thus there are j disjoint balls of radius 1 in Mj and no subsequence of the 
metric completions of Mj converge in the Gromov-Hausdorff sense. 

Example 2.14. Let 

(40) Xj = ([0, 1] x [0, 1]) u ([0, 1] x [0, 1/2]) u • • • U ([0, 1] x [0, 1/2']) 

be a disjoint union of spaces with taxicab metrics glued with a gluing map ip(Q,y) — (0,y). 
Then Xj has no Gromov-Hausdorff converging subsequence because it has j disjoint balls 



of radius 1 about points (1,0). If we take surfaces Mj as constructed in Proposition 2.8 
such that 

(41) d CH (Mj,Xj) ->0, 

they also have no Gromov-Hausdorff converging subsequence. 



Defining an appropriate compact metric space and applying Theorem 2.16 in a later 
paper, [6|(page 65), Gromov proved the following useful theorem. 

Theorem 2.15 (Gromov). If one has a sequence of compact metric spaces, (Xj,dxj), such 

GH 

that (Xj,dxj) — > {Xocdx^), then there exists a common compact metric space Z and 
isometric embeddings tpj : (Xj, dx ) — * (Z, d-£) such that d[](<Pj(Xj), ^oo(^oo)) — * 0. 
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Theorem 2.16 (Blaschke). IfZ is a compact metric space then every sequence of closed 
subsets ofZ has a subsequence that converges in Hausdorjf sense to a closed subset. 



Theorem 2.15 implies the Gromov-Hausdorff Arzela-Ascoli Theorem: 

Theorem 2.17 (Gromov). IfXj —5 X and Yj — > Y and fj : Xj — > Yj are equicontinuous, 

(42) Ve > 36 e > such that d Xj (p, q) < 6 e => d Yj (fj(p), fj(q)) < £, 
then there is a subsequence with a continuous limit function 

(43) / : X -» Y. 
If the fj are isometric embeddings, then so is f. 

In particular, if the Xj are geodesic spaces, then so is the limit space 0. 

2.5. Gromov 's Ricci Compactness Theorem. In this section we review Gromov's Ricci 
Compactness Theorem which is based on the Bishop-Gromov Volume Comparison Theo- 
rem Q: 

Theorem 2.18 (Bishop-Gromov). // M is an m dimensional Riemannian manifold with 
boundary that has nonnegative Ricci curvature and B p (R) c M'" does not reach the bound- 
ary, then for all r € (0,R) we have 

(44 ) Vo1 ^^ > (L\ m 

Vol(B p (R))~\RJ 

Gromov's Ricci Compactness Theorem was originally stated for compact manifolds 
without boundary: 

Theorem 2.19 (Gromov). Let m E N, D > and let M m,D be the class of compact m 
dimensional Riemannian manifolds, M, with nonnegative Ricci curvature and Diam(M) < 
D. Here the manifolds do not have boundary. Then JVl m ' D is precompact with respect to 
the Gromov-Hausdorff distance. 

In fact, Gromov's Compactness Theorem has a commonly used version applied to balls 
which we state as follows: 

Theorem 2.20 (Gromov). Let m e N, D > and let Af " be the class of compact m 
dimensional Riemannian manifolds, M, with nonnegative Ricci curvature. Suppose Mj € 
Ai m and suppose B p .(D) do not reach the boundary, then there exists a subsequence such 
that (Bp j (D/3),dM j ) converges in the Gromov-Hausdorff distance. 

For completeness of exposition we show how Gromov's original proof implies Theo- 
remEZO] 

Proof. Let q e B P] (D/3). Then 

(45) B Pj (D/3) c B q (2D/3) c B P .(D) 

does not reach the boundary of Mj, so we may apply the Bishop-Gromov Volume Com- 
parison Theorem to see that: 

Vo\{B q (r)) r VolCB,(2D/3)) 



(46) 



(47) 



Vol(2^(D/3)) " {2D/3T Vol(B Pj (D/3)) 

f« Vol(B p .(D/3)) (3rf 



(2D/3)'" Vol(B„ (D/3)) (2D)" 



So now we may apply Proposition 2.11 to complete the proof. 
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2.6. Volume Convergence Theorems. In [3 1, Colding proved the following volume con- 
vergence theorem: 

Theorem 2.21 (Colding). Let MJ be complete Riemannian manifolds with nonnegative 
Ricci curvature and pj € Mj such that 

(48) B P) 0) ™ B (l) c E m 
where W is Euclidean space of dimension m, then 

(49) lim Vbl(B w (l)) = Vol(fl (l)). 

Remark 2.22. The proof of this theorem does not in fact require global nonnegative Ricci 
curvature on a complete manifold. In fact MJ could be an open manifold as long as 
B Pj {2) c MJ does not hit the boundary. In fact one may not even need a radius of 2. 

Colding applied this theorem to prove a number of theorems including one in which 
the Gromov-Hausdorff limit is an arbitrary compact Riemannian manifold of the same 
dimension (also Q): 

Theorem 2.23 (Colding). Let MJ and M™ be compact Riemannian manifolds with non- 
negative Ricci curvature for j — 1, 2, 3, ... such that 

(50) MJ M™, 

Then for all r > and for all pj e Mj such that pj — > p^ we have 

(51) lim Vol(B p ,.(r)) = Vol(B,»). 

Remark 2.24. Again Colding 's proof does not really require Mj to be complete. These Mj 
could be open Riemannian manifolds as long as B Pj (r) c Mj does not hit the boundary. 
Here we do not need to worry about twice the radius because the proof involves estimating 
countable collections of small balls B qj .(ejj) in B p .(r) and applying Theorem 
small balls and one can always ensure the B q ..(2£jj) avoid the boundary as in 



2.21 



to those 



! Remark 



2.22 



Cheeger-Colding then conducted a study of the properties of Gromov-Hausdorff limits 
of manifolds of nonnegative Ricci curvature in 0. They improve upon Theorem |2.23| 
allowing M M to be an arbitrary limit space as long as the sequence is noncollapsing: 

Theorem 2.25 (Cheeger-Colding). Let Vq > and let MJ be compact Riemannian mani- 
folds with nonnegative Ricci curvature for j — 1, 2, 3, such that 

(52) MJ ^ Ml and Vol(M") > V . 

Then for all r > and for all pj € Mj such that pj — > p M e M M we have 

(53) limVol(B p .(r))=>H m (B p Jr)) 

where f H m is the Hausdorjf measure of dimension m. 



Remark 2.26. Again this theorem is proven locally, so as in Remark 2.24 this theorem 
holds when MJ are open Riemannian manifolds as long as B p .(r) C MJ do not touch the 
boundary. 

Of course, Cheeger and Colding study more than just manifolds with nonnegative Ricci 
curvature and more than just noncollapsing sequences in their work, but these theorems 
are the only ones needed in this paper. See also work of the second author with Wei for 
an adaption of their volume convergence theorem which deals with Hausdorff measures 
defined using restricted vs intrinsic distances IfTOll . 
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Figure 4. Example 3.1 Single M varying 5 



3. Properties of Inner Regions 

Given an open Riemannian manifold, M, we have defined the 6 inner region, M s in 
Definition |1.3| Note that these spaces are open Riemannian manifolds, however we will 
study them using the restricted distance, d M , rather than the intrinsic length metric, d M e, 
defined in (pb. There are natural isometric embeddings of (M s , diw) and its metric com- 
pletion (M,du) into (M, d;^)- Thus the metric completion is, in fact, compact when M is 
precompact. This occurs, for example, when M has finite diameter. 

Example 3.1. In Figure^ we depict a single flat manifold, M 2 , which is aflat disk with a 
spline attached. For a sequence of 8\ < 62 < 83 < 84, the grey inner regions depict M Si . 
For 8 sufficiently large M 5 is an empty set. 

Lemma 3.2. For any sequence 8, — > 0, we have 

00 

(54) M = {Jm s >. 

i=l 

In fact, 

(55) M = (J M s . 

Proof. Let x € M, since M is open e = d M (x, dM) > 0. Then x € M e/2 . □ 
Lemma 3.3. Let 5 > 5' > 0. Ify e M 5 then for any e < 5 - 5' we have 

(56) B(y, e) = {xeM : d M (x,y) < s) c M 5 ' . 

Proof. Let x e B(y, e), so d M (x,y) < 5 - 6'. Since y e M 6 , for all z e dM d M (y,z) > 5. By 
the triangle inequality, 

(57) d M (x,z) > d M (y,z) - d M (x,y) > 8 - (5 - 8') = 8' . 

□ 

Inner regions, M s , with restricted metrics, d M , are not necessarily length spaces. 
Example 3.4. In the flat open manifold 

(58) M = {(x,y) : x 2 +y 2 € (1,25)} c E 2 
the distance between (3,1) and (—3, 1) is 

(59) *#((3,1),(-3,1)) = 6 

because they are joined by curves of length arbitrarily close to 6. However for 5 — 1 we 
have 

(60) M s = {(x,y) :x 2 +y 2 e (4, 16)} c E 2 . 

The length of any curve in M s between (3, 1) and (-3, 1) must go around (0,2) and thus 
has length at least 2 V9 + 1 > 6. 
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In fact inner regions of path connected manifolds need not be connected: 
Example 3.5. Let our manifold be the connected union of balls in the Euclidean plane: 

(61) M = B(4,o)(5) U B(_4,o)(5) c E 2 
Then 

(62) dM = A + U A_ 
where 

(63) A + = dB (m (5)n{(x,y):x>0) 

(64) A_ = <9fi ( _ 4 ,o)(5)n{(x,y): -x > 0} 
Afofe that 

(65) (0,3), (0,-3) edAT. 
Thus for 6 > 3, 

(66) M 5 n{(O,y):yeR} = 0. 
However for 6 < 5, we have 

(67) (4,0), (-4,0) eikf 5 . 
77mm M s is not connected for 6 € (3, 5). 

4. Manifolds with Gromov-Haudorff limits have Converging Inner Regions 
In this section we will prove: 

Theorem 4.1. Suppose Mj are precompact open metric spaces, (X, dx) is a compact metric 

- ch - . 

space and (Mj, dMj) — > (X, dx) then for each 5 > 0, there exist a subsequence M-, a 

compact metric space Y s (jk) C X such that 

(68) (M s jt ,d M . k )^>(Y s Uk),d 6 ), 
for any 6 - Si in the sequence and 

(69) (A) cy*Cfc) 

if $68} hold for S U S 2 , < 6 2 < S h 
Let 

(70) U {SiWk] = \jY s 'Uk)- 

s t 

Then U{Si},{j t ] is an open subset ofX. 

If we have two sequences {6/}, {/3j} such that ( |6<S| ) for all 6 e {£,■} U {/?,-} then 

( 71 ) u {SMh) = U WMh)- 



Note that Mj can be an empty space. See Example 



4.8 



Consider the Gromov-HausdorfF 



limit of an empty metric space, to be an empty metric space 



Remark 4.2. In Example 4.9 we see that a subsequence jk may be necessary to obtain 
GH convergence of the 5 inner regions and that U{s,),{j k ) depends on the choice of the 
subsequence. In Example 4.11 we see that even the closure of U{s t },{j k ) 'nay depend on the 
choice of subsequence In Example 4.12 we see that t/(a ; ),{j t ) may be disjoint and not 
isometric. 
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4. 1 . Hausdorff Convergence of 6 Inner Regions. We begin with a very basic theorem: 
Theorem 4.3. Let (Z, d z ) be a compact metric space. Suppose M; c Z are open metric 

spaces with the induced metric and X C Z is closed such that Mj — > X then for each 
S > 0, there exist a subsequence M 5 and a compact set W s (j k ) C X such that 



(72) 



M , 



W(j k ), 



and if {72) holds for 5\, 62, < 62 < Si, then 
(73) 



Given a sequence of positive numbers Sj 
that \72\ holds for all 6 — Si. Let 



there exists a subsequence \j k } c N such 

(74) u lStWk) = {jw s m 

Si 

^{6)Uk} ' s an °P en su b se * ofX. If we have two sequences {£,},{/?;} such that {72 \ for all 
5 € {sl} U {#■} then 

(75) u {St),{j k ) = £%},{;*)■ 

There are occasions where M S j can be an empty space. We consider the Hausdorff limit 
of an empty metric space, to be an empty metric space. 

Before we prove this theorem we provide an example demonstrating that even if 



(76) 



M 



W Sl (jk) and Nr. 



for some Si > S2 > 0, we cannot assure that for S e (S2,S\), M s . converges: 

Example 4.4. Fix e < 1/3. In 2 dimensional Euclidean space, E 2 , consider the sequence 
Mj where M2j is a ball of radius 1 with a spline of width As attached to it as it is depicted 
in Figure |ij M2J+1 is a ball of radius 1 with a spline whose width decreases from 6e to 
4s as j — > 00. Then M S j converges to ball of radius I — s with a spline of width 2s, Mj e 
converges to a ball of radius 1 — 3s with no spline attached. But M? £ converges to ball of 



radius 1 - 2s while Mi^ +l converges to ball of radius 1 - 2s with a line segment attached 
to it. Thus M 2e does not converge in the Hausdorff sense. 



In the proof of Theorem 4.3 we will apply the following fact: 
Remark 4.5. Recall that if {Aj} is a sequence of closed subsets of a metric space A such 
that Aj — > Aoo, then 

(77) A™ = \ a e A : Vj 6 N 3a j e Aj, lim a } = 
Any subsequence {Aj k } of{Aj} also converges in Hausdorff sense to A^. Then 

(78) A™ = la € A : VJeN 3a j k e A> t , lim a jk ■ 



We now prove Theorem 4.3 



2.16 



to the sequence {M S j}J =l to get a subsequence {M. and a 



Proof. Apply Theorem 

compact set W s (Jk) such that (72 1 is satisfied. Since M\ c M jt then W s (Jk) c x - Similarly, 
W 6l (j k ) c W s Hj k ) when @ holds for < S 2 < S v 
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Given — > 0. Start with 6\. By Theorem 2.16 there exists a subsequence [j k (Si)} 



<A = 1 



of {j}J =l and a compact set W Sl (j k (Si)) such that A/£ ((f } — > W Si (j k (6 x )). For n > 1, there 
exists a subsequence {y' / t(<5„)}^L 1 of {./jfcfe-i))^ and a compact set W s "(j k (S„)) such that 



WHjkiSn))- Define ;* = j k (6 k ). Then {/^ is a subsequence of {j k (S n )}™ =1 
thus ( |72] i holds for all n. 

Let y be an element of {/.„, .... Then there exist N eN such that y e W Sf (j k ) for / > Af. 



H 



{SMhY 



Suppose that x e X and t/z(jc,y) < Sm/6. Since y e VF^C/jt) choose yj k e M s . N t such that 
y = Hindoo y; s and dz(y,yj k ) < S^/6. Analogously, take Xj e Mi such that x - lim^a, Xj 
and dz(x,xj) < Sn/6. Then 

(79) dz(x jk ,y jk ) < dz(x jt ,x) + d z (x,y) + d z (y,yj k ) < S N /2. 

for some i > N. 



This implies that d z (x jk , d(M jk )) > 6 N /2. Then x e W*'(7/t) c lf [&] , , , 

If there is another sequence — > such that ( 72 1 holds for all 6 = for each i find 



/ such that 8i < ft then W Pi (Jk) <= W*'C/t). This proves that C/J, 
reasoning works to prove 



»ma) c ^«.t&>- 1116 same 



c U 



Definition 4.6. Wi'f/i the hypothesis ofTheorem \4.3\ define 
(80) u Uk) = |J W*C/») 

where the union is taken over all 8 for which is a sequence that converges in Hausdorff 
sense to a metric space, W s (j k ), and 



(81) 



( S>() 



where W s is the Hausdorff limit space of some convergent subsequence of M s .. 

4.2. Finding Limits of Inner Regions in the Gromov-Haudorff limits. In this subsec- 



tion we prove Theorem 4. 1 



Proof. By Theorem 2.15 there exists a common metric space Z and isommetric embed- 
dings <pj : (Mj,d Mj ) -> (Z,d z ), <p : (X,d x ) -» (Z,<fe) such that 4(^(M,), <p(X)) -> 0. 
Now we can apply Theorem 



4.3 



For each 6 > 0, there exist a subsequence <Pj k (Mj) and 
a compact set W*Cfc) c <p(X) such that tpj t (M 6 .) W 5 (;,)- Let F^,*) = sp" 1 ^)). 



Clearly, <|68j holds and F^'O't) C Y Sl (j k ) when (j68J> hold for < S 2 < Si. Given a se- 
quence of positive numbers Si — * there exists a subsequence {j k } c N such that tpj k (M 6 j' k ) 

— > W^'ijk) for all /, then (68 1 hold for all i and f/(<s,},(y t ] = ^ _1 (f/j i5 j j ■ j) is an open subset 

□ 



of X that does not depend on the sequence Si. 

4.3. Unions of the Limits of Inner Regions in the Gromov-Haudorff limits. 
Definition 4.7. With the hypothesis of Theorem \4. 1 \ define 
(82) U Ut} = \jY s (j k ) 
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where the union is taken over all 6 such that M ^ is a sequence that converges in Gromov 
Hausdorff sense to Y°{J^). Let 



(83) U = |J Y s 

where Y s is the Gromov-Hausdorff limit space of some convergent subsequence of M 6 .. 



In Remark 6.7 we will explain that the regions U defined in Definition 4.7 are spe- 
cial cases of the glued limits we will construct in Theorem |6.3| Since they are easy to 
understand in this setting we present a few examples here and more later. 

Example 4.8. Let Mj be a Euclidean disk of radius 1 / j. Then Mj — > X where X is a 
single point. For any 6 > 0, taking j > 1/6, we see that M 6 . are empty spaces. Thus U is 
the empty set. 

In the following example we see that U\j t ) depends on the subsequence \jk) and in 



Example 4.10 we see that X is not necessarily contained in the closure of U. 



Example 4.9. Let Mjj be the standard Euclidean disk of radius 1 and let M 2 j+\ be the 
standard Euclidean disk with the center point removed. Then Mj is a closed Euclidean 
disk as is the limit space X. Given 6 e (0, 1), M£ ■ is the standard Euclidean disk of radius 
1—6. Their metric completions converge to the closed disk of radius 1—6. E/pj) is the open 
Euclidean disk of radius 1. However ' s a Euclidean annulus, Anno(6, 1 — 6), and the 

metric completions converge to the closure of this annulus. C/{2/+i} is the open Euclidean 
disk of radius 1 with the center point removed. In this example U — U{2j}- 

Example 4.10. In 2 dimensional euclidean space consider the sequence of a ball with 
a spline attached to it as it is depicted in Figure [3] The Gromov-Hausdorff limit of the 
sequence is a ball with an interval attached while the closure of U is just the closed ball. 



In Example 4.9 we saw Um\ + ^(2/+i) still their closures are the same. This is not 



always the case. U\j t \ could even be an empty set. 

Example 4.11. For j e N, let Mij be aflat torus so it has no boundary and M2j+\ be flat 
tori with increasingly dense small holes cut out but the holes get smaller and smaller so 
that they still converge to the flat torus X. U\2j\ — X but for any 6 > 0, A^f +1 becomes an 
empty set. So U^j+i) is the empty set. 

Example 4.12. For j e N, let M2j be aflat torus S 1 x S with increasingly many dense 
small holes inWxS , where W — (0, n/4) c S 1 and let M%j+\ be aflat torus S 1 x S with 
increasingly many dense small holes in (S 1 \ W) X S . Then 

(84) U [2j} = (S 1 \W)xS 1 and U {2 j+n = WxS 1 

with the restricted distance from S 1 X S 1 which are disjoint and not isometric to each other. 



5. Converging Inner Regions of Sequences with Curvature Bounds 



In this section we prove 6 inner regions converge under certain geometric hypothesis on 
the manifolds even when the manifolds themselves have no Gromov-Hausdorff limits. 
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5.1. Constant Sectional Curvature. Here we prove that the inner regions of a sequence 
of manifolds in the following class have a subsequence which converges in the Gromov- 
Hausdorff sense. 

Definition 5.1. Given m e N, H e R, V > 0, and I > we define M"^ v '' to be the class 
of connected open Riemannian manifolds, M, of dimension < m, with constant sectional 
curvature SectM = H, Vol(M) < V, and 

(85) L m i„(M) — inf{L s (C) : C is a closed geodesic in M } > I. 

where a closed geodesic is any geodesic which starts and ends at the same point. 

Recall that complete simply connected manifolds with constant sectional curvature H < 
have no closed geodesies by the Hadamard Theorem while those with H > have 
L(M) = 2;!-/ V77 (c.f. 0). Here we are requiring that the closed geodesic lies in an 
open manifold M and we do not have completeness. 

Theorem 5.2. Given any S > if(Mj, gj) c M"^ v ' 1 , then there is a subsequence (M s - k , dM jk ) 
such that the metric completion with the restricted metric converges in the Gromov-Hausdorjf 
sense to a metric space (Y s ,d). In particular the extrinsic diameters measured using the 
restricted metric are bounded uniformly 

(86) Diam(M* d M , ,)<«b * 



3t « V"(eo) 

(87) DiamCT^^. 
where 

(88) e = min\6,l/2,7T/VH}/2ifH>0 

(89) €q — min{8, 1/2)12 otherwise, 

and V^(eo) is the volume of a ball of radius eo in the complete simply connected space with 
constant sectional curvature H. 



Remark 5.3. There are no closed geodesies in the Mj of Examples 1.1 and 1.2 so L(Mj) — 
oo. These examples have H — and m — 2. Since Example \l .2\ also has a uniform upper 
bound on volume, it demonstrates why we can only obtain Gromov-Hausdorjf convergence 
of the M S j instead of the Mj themselves. The M 5 . of Example 1.1 do not have Gromov- 
Hausdorff converging subsequences (see Remark \5.5\ demonstrating the necessity of the 
hypothesis requiring an upper volume bound. 

Proof. Let M e M^ n and p e M s . Recall that e = min{6,l/2,n/ V//}/2 if H > 0, 
eo = min{6, l/2}/2 otherwise. Then for < e < eo, B p (e) does not reach the boundary of M 
and does not contain any conjugate point to p since one does not reach a conjugate point 
before one would in the comparison space. 

We claim that there are also no cut points to p in B p (e). If there was a cut point, q, then 
proceeding as in a similar way to Klingenberg [8|, there exists a closed geodesic starting 
at p of length < 2d(p, q) < 2eo. By hypothesis, the length of this closed geodesic is greater 
than I which is a contradiction. 

Thus there is a Riemannian isometric diffeomorphism 

(90) ip : B p (e ) B t (e () ) c M% 
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where M'^ is the simply connected space of constant sectional curvature, H. In particular 
Vol(B ; ,(e)) is greater or equal than the volume of a ball of the same radius in a simply con- 
nec ted sp ace form of constant curvature H. By combining Proposition 2.11 with Proposi- 
and then Gromov's Compactness Theorem there is a subsequence (M s ,c!m ) such 



tion 
that 



2.10 



Jk Ik 

the metric completion with the restricted metric conv erges in the Gromov-HausdorfF 
sense to a metric space {Y 6 , d). Notice that by Proposition 2. 1 1 the maximum numbe r of 

~" the 



2.10 



disjoint balls of radius eo/2 that lie in M is < -^(eo/2). Thus, by Proposition 

H 

minimum number of balls of radius e ( ) to cover M is < -^(eo/2). From this follows that 



(91) 

Since 
(92) 

we conclude that 
(93) 



« V 
Diam(M; ,d M ) < e . 



Dmm{M a jk ,d Mil ) 



Vmm(Y\d), 



Diam(r , d) < e 



Remark 5.4. If the injectivity radius for each p e M & . is bounded above by a positive 
constant then the condition in the lenght of closed geodesies in Theorem \5.2\ is satisfied. 

5.2. Examples with Constant Sectional Curvature. The volume condition in Theo- 



5.2 may not be replaced by a condition on diameter: 



Remark 5.5. Let (Mj, gj) be the j' h covering space ofAnn^^l / j, 1) c E 2 . 

Since every point in Mj is less than a distance 1 from the inner boundary, and the inner 
boundary has length }2n{\j f) — 2n, we know 

(94) Diam(M j? d Mj ) <2n + 2. 

Yet the number of disjoint balls of radius 5 < 1/4 centered on the cover of <9fi(o,o) (1/2) 
is greater than 2 j. So there is no subsequence of M 6 . which converges in the Gromov- 
Hausdorjf sense. 



This sequence fails to satisfy the volume condition of Theorem 5.2 

(95) VolCM,) = W 2 - 71/ f) = ;r(/ - 1 )// 
It is worth observing that the intrinsic diameters 

(96) Diam(M^, Mp > j2n(5 +l/f) 
also diverges to infinity. 



Remark 5.6. The flat manifolds of Example \l .2\ described explicitly in Example \2.1 3\ satis- 
fi.es the hypothesis ofTheorem \5.2\ See Figure^^ In fact for fixed 6 > 0, once (2nl f)4 < 5, 
every point with r > 2 lies within a distance 6 from the boundary because the spline is less 
than 6 wide. So all the M & . eventually lie within r < 2, where the metric is just the standard 
Euclidean metric and there is a uniform bound on the number of disjoint balls. So the 
Gromov-Hausdorff limit also lies within the Euclidean ball of radius 2. On the other hand, 
every point within the ball of radius \ +5 < r <2-5, lies in M 5 j, so the Gromov-Hausdorff 
limit Y° contains An«(o j o)(l + 6,2 - 8). In fact Y 6 is the metric completion of this annulus 
with the flat Euclidean metric. 
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Figure 5. Models of Example 1.2 M\, MJ?, M°, M\ v M 



'16' 



M s <z(jB Pi (e) 

i=i 



5.3. Manifolds with Nonnegative Ricci Curvature. Here we prove Theorem |l.4| by ap- 
plying Gromov's Compactness Theorem (c.f. Theorem 2.9 1 combined with the following 
proposition: 

Proposition 5.7. If (M,gM) is a compact Riemannian manifold with boundary that has 
nonnegative Ricci curvature, then for any 6 > 0, and any e € (0,6/2), the 6 inner region, 
M s , contains a finite collection of points {p\,pi, ■■■Pn), such that 

N 

(97) 
where 

(98) N < N(S, e, D s , V, 6) 

where m = dim(M), Vol(M) < V, 

(99) Diam(M 5 , d M s) < D s , 
and 

(100) sup{Vol(fi 9 ((5)) : q e M s ) > Q5 m 

Remark 5.8. Note that in this proposition, we can use the volume of any ball centered in 



V (2 2Ds ^ 



M to estimate 8 in {100\. This allows us to study sequences like those in Example 



3.1 



One does not need a Ricci curvature condition if one has a uniform lower bound on the 
volumes of all balls centered in M 6 as can be seen in Proposition 
Gromov-Hausdorff convergence. 



2.11 



in the review of 



Proof. By Propositions 2.10 and 2.11 in the review of Gromov-Hausdorff convergence, we 
need only TO find a uniform lower bound on the volume of an arbitrary ball B p (e) centered 
at p e M s . 



Fix q achieving the supremum in ( 200 1. Then by the fact that B q (5) does not hit 8M and 



M has nonnegative Ricci curvature, we may apply the Bishop-Gromov Volume Compari- 
son Theorem to see that, 



(101) 

because 5 > S/2 > e. 



Vol(BJd)) Vol(2L(6)) 



M° be the shortest curve from p to q. Then 

6 



LetC: [0,1] 

( 1 02) L = L(C) < Diam(M° , d M > ) < D s 
Let n > L/e and xj = C{tj) where tj = jL/n, so that 

(103) xj e M s and d M (x hX ,Xj) = L/n < e 
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In particular B Xj (2e) lies within the interior of M and has nonnegative Ricci curvature. 
Thus by the Bishop-Gromov Volume Comparison Theorem, 



(104) 
(105) 



Vol(Z^(e)) > ±-Vo\(B Xj (2e)) 
> i-Vol(^ +1 (e)). 



Applying this repeatedly from j — 1 to n, and finally applying (jTOTJ, we have 

Vol(BJef) 
' Vbl(fl,(e)) 



(106) 
(107) 
(108) 



Vol(fl p (e)) > 



2 mD sl e 
1 

2 mD */< 



Be" 



The estimate on N{5, e, D$, V, 6) then follows immediately from Propositions 2.10 and 2. 1 1 



6. Glued Limit Spaces 

In this section we define glued limit spaces and study their properties without any as- 
sumptions on curvature. We begin by constructing isometric embeddings (ps M ,St '■ Y 6 i *' — > 

. We 



6.1 



Y 6 ' between the Gromov Hausdorff limits, Y 5 ', of inner regions, Mj [Theorem 
then apply these isometric embeddings to glue together, Y Si , and construct a glued limit 
space, Y - Y({6i), [<ps Mi s,}) [Theorem|6.3|. These glued limit spaces depend on the isomet- 



ric embeddings as seen in Example 6.16 



The glued limit space is unique when the Mj converge in the Gromov-Hausdorff sense 
[Remark |6.7| . In Remark [6. 10| we describe how Example |2.13| which had no Gromov- 
Haudorff limit, has a bounded and precompact glued limit space. We provide another 
example with a bounded glued limit space which is not precompact [Example |6.12| . We 
provide an example where the glued limit space is not a length space [Remark |6.13[ . 

6.1. Gluing the Inner Regions Together. Here we prove the existence of isometric em- 
beddings which we will later apply as glue to connect the inner regions together. 

Theorem 6.1. Suppose that 6i — > is decreasing, i = 0, 1,2, • • •, and one has a sequence 
of open manifolds Mj such that 

(109) (M 5 l,d M] )^(Y 5 ^d Y ,,) 

for all i, where possibly some of these sequences and their limits are eventually empty sets. 
Then there exist isometric embeddings: 

(110) : 1* -» 

which are just the identity when <5,- = <5, + i. If 6 e (0, 6q] there exists a compact metric space, 
Y& c y$M w [ m f]i e restricted metric d Y s = dye M , and a converging subsequence 

(HI) (M s jk ,d Mjk )™(Y s ,d YS ) 

and when 6 € for any such Y s the restriction map, (fg^ : Y Si — > Y 6 , and the 

inclusion map, (ps M ,s ■ Y s — > Y Sm are isometric embeddings. 
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ipj : Mf l -> Z and ip x : Y" 



Proof. By Theorem 2. 15 there exists a compact metric space Z and isometric embeddings 
(112) 
such that 
(113) 



By Theorem 2.16 we can choose a subsequence {jk}™ = \ such that tpj t (My) converge in 



HausdorfF sense to a compact subspace X s ' c <poo(Y By the hypothesis, 
(114) ' ' ■ 



M 6 ! ™ Y s > 



Then by uniqueness up to an isometry of the Gromov-Hausdorff limit space there exists an 
isometric embedding 



(115) 



: Y °> -» Y° M such that ^ +lA .(y = ^{X 6 ') 



By Theorem 
and a function 



2.12 



there is a uniform upper bound, Z), > 0, of the diameters of {Mj,du^ 
Ni : (0, Dj] — > N such that N,(e) is an upper bound for the number of 
e — balls needed to cover M s > for all e e (0,D,] and for all j s N. If 6 e define 
A? : (0,D i+ i/2] -> Nby AT(e/= N i+1 (2e). Then 



(116) 

Apply Theorem 



Diam(M*, c/ M .) < Diam(M* i+1 ,t/ M .) < D, 



2.9 



to get a subsequence {4}£Lj of {jk}™ =x such that tfi k (M^) converge in 
Hausdorff sense to a closed subset X s c ^(T** 1 ). 
We define 



(117) 



<p-J(X s ) c Y 6 " 



The choice of a subsequence {/*}" j of fj t }~ j implies that X s ' c So Y s > c F a . The rest 
of the theorem immediately follows. □ 



Remark 6.2. The choice of isometric embeddings tps M fy is not unique. See Example 6.16 
where we provide two distinct isometric embeddings <Ps M ,Si ^ , $• 

6.2. Glued Limit Spaces are Defined. We can now define a glued limit space, depending 
on a sequence — > 0, prove it is a metric space and prove that it contains isometric images 
of all Gromov-Haudorff limits of converging subsequences of inner regions. 



Theorem 6.3. Under the hypothesis of Theorem \6.1\ one can define a glued limit space 
(118) Y = Y{{5i), {<ps M , Si }) = Y s ° U ( u Zi {Y Si+l \ ¥Wi M)) 



with the metric: 

dys (x,y) 



d Y (x,y) = 



dy s i+i (x,y) 

d Y f i+l (x,(p 6j+lAl (y)) 

dy s i+j+\ (x, ^<5; + j + i,(5 i+1 



(y)) 



ifx,y e Y 5a , 

ifx,yeY s ^< \<p Sl+lA (Y s >), 
ifx e Y Sm \ VSmA (y 6 ) 

for some i e N andy e Y So , 

ifx€Y s ^\<p SMHA+ .(Y^) 

and y e Y Si *' \ (fis i ^ u e i [Y Si J for some i, j e 



where we set 
(119) 



<P5 M ,Si - <Ps i+h 6 M -i 



0< Ps M ,Sv 
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For all 6 e (0, 8q\ there exists a subsequence which converges in Gromov-Hausdorf 
sense to a compact metric space Y 5 and for any such Y s there exists an isometric embedding 

(120) F B = F m] :Y 6 ^Y. 

such that for the 5i in our sequence we have 

(121) 

If f3j is any sequence decreasing to 0, then 



F Si (Y s <) c F SM (Yf +l ) 



(122) 



y = \Jf Pj (y^). 



Remark 6.4. In Example 4.10 for sufficiently large <5o each limit Y s is a ball in Euclidean 

2-dimensional space. According to Definition \6.3\ the glued limit space of this sequence is 

constructed by taking the disjoint union of the ball Y s ° with concentric annulus Y 6a ^' +X \ 
y<W< 

Remark 6.5. Note that the definition of the glued limit space depends on the choice of 
isometric embeddings in Theorem \6.1\ See Example \6. 1 6\ 

Proof. We first prove that dy is positive definite. For the first and second cases of the 
definition of dy, we immediately see that dy(x,y) = iff x — y. For the third and fourth 
cases, notice that (p Si ^ u s M (y) = (<fs i+M ,s i+l ° <Ps H ,s M )(y) then 



(123) 



Thus x + <p Sl + M j M (y) and d Y (x,y) = dyS i+J+ , (x, <fs M+1 ,s M (y)) * 0. 
Define F$. : Y 5i — > Y in the following way: 



Fs,(y) 



i = 1 

; > 1, 



yeY s >\<p eiA _,(Y s <-i) 



i > 1, 



for some j > 1 

What we are doing in the third and fourth part of the definition of F g . is the following. 
Suppose that y e Y s °l' then either 

(124) yer*\ WiA . I (l*-') 

ory e ip Sjy g. ^(Y 3 '- 1 ). In the latter case there exists y,-_i e Y 6 '-' such thaty = tps^fyi-i). If 
i- 1 > 1, eithery,--! e Y s '-' \ if Si uS . 2 (Y 6 '- 2 ) ory,_i € <p s . uS . 2 (Y S *- 2 ). Proceeding in the same 
way, if necessary, we find j such that there exists yj e Y Sj \ (pe^g.^fY 6 '- 1 ) when j > 1 and 
yj e F 5 J when j = 1, that satisfies y = (p$ h g (yf). 
It is easy to see that 



(125) 

and for j < i, 
(126) 



F^y*) = y* u ( u ;r = i (y^> \ Vgj+] gi (y s j))) , 



' <PSt,Sj 
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For arbitrary 6, by Theorem 6. 1 there exists a subsequence, M . , which converges in 



the GH sense to a limit Y. Let Fg : Y 

Fg = F {s ,{ Si }} ■ 



Fs ° <Ps ,e S <6 
Fg M ° <Ps M ,s $+i <6<6i 



where (p S(j s , fg i+u g are given in Theorem 6. 1 



Observe that in the latter case of the definition of Fg, Fg. — Fg o <p ss .. This and the 
definition of Fs gives: 



(127) 



F Si (Y s <) c F S {Y S ) c F S:+l (Y s ^) 



Now we have fij decreasing to 0, there exists N sufficiently large that /3j < 6q, and for 



all j > N we have 3z; such that /3j e [tf,-+i,<5,0- From ( 125 1 and ( 127 1, taking 6 = we 
conclude that 



(128) 



Y = \jF fij (Y^) = \jF Pj (Y^). 



j=N 



because F Pa {Y^) c F Pn {Y^). 

To prove that Fg is an isometric embedding it is enough to prove that for each Fg t . 
Fg is an isometric embedding by definition of Y. For Fg M we must check three cases. 

Let x,y e Y 6 '* 1 , First case: x,y e Y Sm \ ipg i+u g.(Y Si ) then F s . +l (x) - x and Fg. +1 (y) = y. 
Second case: x e Y Sm \ <pg M ,g t (Y s >) and y e'^ +lA (T*)- Thus, F Si Jy) = <p-£ lAtl _ft) e 
Y Sm -' \ <pg M ^&_j(Y Si -0 for some So 

dr(Fg M (x), F Sm (y)) = d^.j (Fg M (x), <pg M ,g M _;(Fg M (y))) 
= d Y >M (x,y). 



Finally, if Fg M (x) = (f^ ^Jx), Fg M (y) = <p s 
feiAi-! ° n t *i-kA*i-i = <Ps m ,s m -p then 



A+i 



(y). Suppose that k < j. Recall that 



dr(F SM (x), F Sm (j)) = dyHn-t (Fg M (x), <pg M _ k ,g M ^{Fg m 0))) 
= dyf M ((ps M ,s i+1 _ k (Fg M (x)), <ps M ,s M _j(Fe u 
= d Y z i+ i (x,y). 



00)) 



The triangle inequality follows from the above paragraphs. For x,y,z e F, find 5 such 
that x,y,z e ^(i" 5 ). The triangle inequality holds for the preimages of x,y,z and since Fg 
is an isometric embedding, it also holds for x, y, z. □ 

6.3. Glued Limits within Gromov-Hausdorff Limits. In this section we prove that if 
Mj have a Gromov Hausdorff limit, then the glued limits of Gromov-Hausdorff converging 



sequences are the unions of the limits of the inner regions explored in Theorem 4. 1 [Re- 
mark |6T7] Lemma |6\9) . As a consequence Examples \4.9\ |4. 12] are examples of glued limit 
spaces. 



GH 



Remark 6.6. Suppose Mj are Riemannian manifolds with boundary and Mj — > X. In 



Example 8.1 we will see it is possible that Mj satisfy the conditions of Theorem 6.1 only 
trivially. In fact, it is possible that for each 5 > there exists Ng 6 N such that M", = 0for 
all j > N s . 
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GH 



Remark 6.7. Assume Mi — > X, and (5, is a decreasing sequence, then by Theorem 



4.1 



for 



each 6j there is a subsequence ofdi inner regions, MJ, which GH converge to 1 '{jk) C X. 
We can diagonalize to find a subsequence Mj k such that for all i 



(129) 



Ml ^ Y\j k ) <z X as k 



Thus we have the hypothesis of Theorems 6.1 and 6.3 and so Mj k has a glued limit space 
Y — Y({6i}, [<Ps M jsJi)- On the other hand by Theorem 4.1 and Definition 4.7 applied to this 
diagonalized subsequence Mj k , we have 



(130) 



-U 



Y ' c X. 



u ~ u {St),Uk 

This U is in fact the glued limit space, Y, by Lemma \6^9\ below. Thus the glued limit space 
does not depend on {5,} as long as we have the same subsequence jk- 



Remark 6.8. Note that the glued limit may be a proper subset ofX as seen in Example \4.10\ 
whose glued limit was a disk in Euclidean space while X is a disk with a line segment 
attached. 



Lemma 6.9. The gluing embeddings, <Ps M ,6 t > of Theorem 4.1 are the inclusion maps 
(131) Y s 'cY 6 '*'cUcX, 



Proof. By Theorem 2.15 there exist a common metric space Z and isommetric embeddings 
ipj : (Mj,d Ml ) -> (Z,d z ), <fi : (X,d x ) -> (Z,d z ) such that d%(<Pj(Mj), (p(X)) -> 0. Applying 

there exists a subsequence [jk] C N such that ipj k {M 6 ') — > W Si (jk) for all i. 



Theorem 
Thus M' 



4.3 



<P (W '(Jk)) f° r a H tf 6 s (£,-, £ i+I ) get a subsequence such that M°, 



GH 



f-'iw'up) 

By uniqueness up to an isometry of the Gromov-Hausdorff limit space for all 5 there 
exist isometries </>g : <p~ l (W s (jk)) — > Y s . Define 



(132) 

If(5G (d h 8 i+1 ) then 

(133) 

and 

(134) 



VS,6i = ' 



fS i+u 5 = <PSu 



6.4. Glued Lim it Spaces when there are no Gromov-Hausdorff limits. In the setting 

GH 

the subsequence of manifolds Mj such that M S j — > Y s need not have any 



6.1 



of Theorem 

Gromov-Hausdorff limit. Here we discuss an old example and present two new examples. 



Remark 6.10. In Example \2.13\ which had increasingly many splines, it was seen that the 
Gromov-Hausdorff limit for the sequence Mj described there does not exist. However the 
sequence M 5 . converges to the metric competition of the annulus Ann(o j o)(l +6,2 — 5) with 
the flat metric, see Remark 5.6 Start with 5q < 1/2 then 

Y s ° =Ann im [\ +S ,2-8 ], 



(135) 
and 
(136) 



/SoKi+l) 



(F tfo/i ) = A x UA 2 
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where 

(137) A] = A/ui(o,o)[l +So/(i+ 1), 1 +So/i)and 

(138) A 2 = Am m (2~6 a /i,2-6 Ki+ 1)]. 

77iMi y = An«(o i o)(l, 2) w/f/i the flat length metric. This glued limit space Y is precompact. 

A similar example, also constructed using flat My c E 2 with no Gromov-Haudorff limit 
has converging M s ., and a glued limit space which is a flat open manifold that is bounded 
but not precompact: 

Example 6.11. We define aflat open manifold with j splines of decreasing width: 

(139) Mj = Uj U Vj where 

(140) Uj = {(rcos(#),rsin(6»)) : r < 4 + sin(47!- 2 /6»), 9 e (2n/j,2n]} 

(141) V} = {(rcos(#),rsin(6>)) : r < 4, 0e (0,2*1 j]}. 

As in Example 2.13 (Mj, d M ) have no Gromov-Haudorff limit because they have increas- 
ingly many splines. Unlike Example \2.13\ for any number N, there exists 6n sufficiently 
small that M S . N has N splines. In fact, 

(142) (M s j ,d M] )^(Y 6 ,d Y ) 
where Y s is 5 inner region of the flat open manifold: 

(143) y = {(rcos(0),rsin(0)) : r < 4 + sin(4^ 2 /0), 6 e (0,2tt]} 

Taking the identity maps to be the isometric embeddings, we see that Y is also a glued limit 
space for the Mj even though it is bounded but not precompact. 



Recall Example 2.14 of a sequence of surfaces which have no Gromov-Hausdorff limit. 
We now modify this example to obtain a sequence of manifolds with boundary that have 
no Gromov-Haudorff limit but whose 5 inner regions have Gromov-Haudorff limits and we 
construct the glued limit space and see that it is also bounded and not precompact. This 
glued limit space is not a manifold. 

Example 6.12. Let 

(144) Xj = ([0, 1] X [0, 1]) u ([0, 1] x [0,1/2]) u ■•■ u ([0, 1] x [0,1/2^]) 

be a disjoint union of spaces with taxicab metrics glued with a gluing map ip(Q,y) — (0,y). 
One may think ofXj as a book with j pages of decreasing height glued along a spine on 
the left. Within Xj choose sets Aj to be the union of the top edges of each of the pages. If 
we take surfaces Mj as constructed in Proposition 2.8 they now have boundary, such that 

(145) d CH (Mj, Xj) -» and d CH (M S j, Xj \ T s (Aj)) -> 0. 



As in Example 2.14 the Mj have no GH converging subsequence because the Xj have no 
GH converging subsequence. 

Observe that there exists kg such that for all j > kg, 

(146) Xj\T s (Aj) = ([0,l]x[0,£)) U ([0,1] x [0,1/2-5]) u ■•■ u ([0, 1] x [0, l/2 k * -$]). 

Since this sequence does not depend on j, it clearly converges in the Gromov-Hausdorff 
sense. Thus M 6 . converge to the same Gromov-Hausdorff limit space. In fact they converge 
to X x \ T s (Aoa) where 

(147) X M = ([0, 1] x [0, 1]) u ([0, 1] x [0, 1/2]) u ■ • • u ([0, 1] x [0, 1/2 J ']) • ■ ■ 
and Aoo is the union of the tops of all of these pages. In fact, Xoa is the glued limit space. 
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6.5. Glued Limit Space is not Geodesic. Here we present an example whose glued limit 
space is not geodesic or even a length space: 

Remark 6.13. In Euclidean space, E 2 , define 

(148) Mj = (-1, 1) x (-1, 1) \ [-1/2, 1/2] x [0, 1 - l/j]. 

Then for 6 < 1/4 there is J — J(S) such that 
(149) 

M] = ((-l+tf,l-5)x(-l+tf,-<5))u((-l+tf,-l/2-5)x(-5,l-d))u ((1/2-5, l-tf,)x(-5, 1-5)) 
forj>J. 

Thus M S j is a constant sequence for j > J and M s . — > Y s where 
(150) 

Y 6 = [-l+5,l-5]x[-l+5,0] U [-1 +5, -1/2 + 5] x [0,1 -5] U [1/2-5, 1 -5] x [0, 1 -5]. 
77ze glued-limit, 

(151) y = (Jr 5 = [-1,1] x [-1,0] U [-1,-1/2] x [0,1] U [1/2,1] x [0,1] c E 2 
is not a length space. See that Mj X = Y U ({1} X [-1/2, 1 /2]). 

Open Question 6.14. Zs a glued limit space locally geodesic: for all y e Y, does there 
exist e y > such that B(y, e y ) is geodesic? If there is a counter example, what conditions 
can be imposed on the space to guarantee that it is locally geodesic? 

6.6. Balls in Glued Limit Spaces. Recall that ear lier we proved that for any p e M 5 ', 

if x s B p (8i - 5, + i) e M, then x e M Sm [Lemma |3~3) . This is not true for glued limit 
spaces. That is, it is possible for p e Fg.(Y Si ) to have an x e B p (5; - 5,+i) e Y such that x t 
Fg M (Y s '* 1 ). In fact we can take the ball of arbitrarily small radius and still x t Fg M (Y s ** 1 ). 
Here we present such an example: 



Example 6.15. Recall Example 6.12 where we constructed Mj that have no Gromov- 
Hausdorff limit such that M & . converge in the Gromov-Hausdorjf sense to Y 5 — \ T^A,*,) 
where 

(152) X M = ([0, 1] x [0, 1]) u ([0, 1] x [0, 1/2]) u ■ • • u ([0, 1] x [0, l/2>]) • ■ ■ 

where each piece is connected along (0,y) ~ (0,y) and is the union of the tops of all 
of these pages. This X^ is a glued limit space for this example. 

Then F S {Y 6 ) — X^ \ T^iA^). Take any ball about the common point (0, 0) e X^. For 
any radius r > 0, fi(o,o)(r) contains infinitely many points yj — (r/2, 0) e [0, 1] X [0, 1 /2 J ]. 
However yj £ Fg(Y s ), for j sufficiently large that 1 /2 J < 5. 

6.7. Nonuniqueness of the Glued Limit Space. We now see that glued limit spaces are 
not necessarily unique. Recall that in Remark 6.7 we explained that if Mj have a Gromov- 
Hausdorff limit, then the glued limit space is unique. So we need to construct a sequence 
of manifolds, Mj, which have no Gromov-Hausdorff limit. In fact we will imitate Exam- 
ple 6.12 applying Proposition 2.8 to construct the following example: 

Example 6.16. There is a sequence of Riemannian surfaces, Mj, with boundary, dMj, 
such that there exists 6, — > and metric spaces Y 5 ' such that 

(153) d CH (M d / 7 Y s 0^O 

yet there are two different glued limit spaces Y\ = Yidy, fs^Sn^) and Y2 — Y(62i, <p' Sr s ) 
constructed as in Theorem \6.3\and Theorem\6.1\ 
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Proof. Let 

(154) P, = [0, 1] X [-1/2, 1/2] 

(155) P 2 = [0, 1] X [-1/4, 1/4] 

(156) P 3 = [0, 1] X [-1/6, 1/6] 

(157) Pj = [0,1] x [-1/(2;), 1/(2;)] 

and let 

(158) Xj = P 1 uP 2 uP 2 

(159) uP 3 u P 3 u P 3 u P 3 

(160) uP 4 u P 4 u P 4 u P 4 u P 4 u P 4 u P 4 u P 4 

(161) uP 5 u ■■■ u P 5 

(162) u • ■ ■ u Pj u ■ • ■ u Pj 

be a disjoint union of Nj = 1 + 2 + 4 + ... + V~ x spaces endowed with taxicab metrics 
glued with a gluing map i//(0,y) = (0,y). One may think of Xj as a book with Nj pages of 
different heights glued along a spine on the left. 
Let Hj c Pj be defined by 

(163) Hj = [0, 1] x {-1/2;} U {1} x [-1/(2;), 1/(2;)] U [0, 1] x (1/(2;)} c Pj 
and let Aj c Xj be defined, 

(164) Aj = H X UH 2 UH 2 

(165) UH 3 u H 3 U H 3 U H 3 

(166) UH 4 U H 4 U H 4 U H 4 U H 4 U H 4 U // 4 U H 4 

(167) UfT 5 U ••• U H 5 

(168) LI ••• U Hj U ••• U Hj. 

If we take surfaces Mj as constructed in Proposition |2 . 8 1 they now have boundary, such 
that 

(169) d GH (Mj, Xj) -> and d GH {M], Xj \ T s (Aj)) -> 0. 



As in Example 2.14 the Mj have no GH converging subsequence because the Xj have no 
GH converging subsequence. 
Now 

(170) Xj \ T s (Aj) = OP! \ T s (H0) U (P 2 \ T 6 {H 2 )) U (P 2 \ T,(i/ 2 )) 

(171) U (P 3 \ ^(Hs)) U ■ • • U (P 3 \ T S (H 3 )) 

(172) U • • • U (Pj \ Tg(Hj)) u--U(Pj\ T g (Hj)). 

Observe that 

(173) Pj \ T s (Hj) = [0, 1 - 5] X [-1/(2;) + 6, 1/(2;) - 6] 
Taking 6 - 6 2 i = 1 f(2i) and ;' > i we have 

(174) P t \ T s (Hi) = [0,1 -1/(20] X{0} 
and 

(175) P ; - \ T g (Hj) = 
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Thus 

(176) Xj \ T S (A j) = (Pi \ TeiHi)) u (P 2 \ T 6 (H 2 )) u (P 2 \ T 5 (H 2 )) 

(177) u (P 3 \ T S (H 3 )) u • ■ • u (P 3 \ T g (H 3 )) 

(178) u • ■ ■ u (P M \ r 5 (fli_!) u • • ■ u (P,_, \ r tf (Hi_i)) 

(179) u [0, 1 - 1/(20] x {0} u • ■ • u [0, 1 - 1/(2/)] x (0) 

endowed with taxicab metrics glued with a gluing map i/'(0,y) = (0,y). There are 1 + 2 + 
4 + ... + 2 ( '~ 1) ~ 1 rectangular pages and 2 (! ~ 1) pages that are just intervals of length 1 - 1/(2/). 
Taking j — > oo we get 

(180) dcf]{Xj \ T$(Aj), F 5 ) — > 
where 

(181) I" 52 ' = F I/(2 ° = X; \ TsJAj) V; > /. 
So 

(182) Y*» = (Pi \ T xm (H x )) u (P 2 \ T mo (H 2 )) U (P 2 \ T im (H 2 )) 

(183) u (P 3 \ T im (H 3 )) u • • ■ u (P 3 \ T im (H 3 )) 

(184) u ■ • • u (P^ \ T im (H2i-i) u • ■ ■ u (P 2! _! \ T m2i) (H2i-i)) 

(185) U [0, 1 - 1/(2/)] x {0) u • • • U [0, 1 - 1/(4/)] x {0} 

endowed with taxicab metrics glued with a gluing map i/'(0,y) = (0,y) where there are 
1 + 2 + 4 + ... + 2 (, ~ 1)_1 rectangular pages and 2 ( '~'' pages that are just intervals of length 
1-1/(2/). 

If we define if Sl . ^.^ : Y Sli — > Y Sli+1 to be the inclusion map, and then construct the glued 
limit space as in Theorem 6. 1 we obtain, 

(186) Fi = Y(6 2i , ysvteJ = Y = (P 1 \H l )U(P 2 \ H 2 ) U (P 2 \ ff 2 ) 

(187) U(P 3 \H 3 ) U ••• U (P 3 \H 3 )--- 

(188) ••• I l/'/ W/;) I ••• I (Pj\Hj)--- 

endowed with taxicab metrics glued with a gluing map t/f(0, y) - (0, y). This has infinitely 
many pages, all shaped like rectangles. 

Now we define <p' g : Y Sli — > Y Sli * 2 to be an isometric embedding which maps a point 

(189) U,y)£P t \W ci * 
for A; < / to 

(190) (xj)£P t \W)cl*« 
via the inclusion map and which maps 

(191) (x,y) € Pi \ TsJHi) = [0, 1 - 1/(2/)] x {0} c Y°» 
to 

(192) (x,y- 5 2i + 5 2i+2 ) e P M \ T Ss+2 (H i+l ) = [0, 1 - 1/(2/ + 2)] x {0} c F^. 

This is possible because we have enough copies of P, + i \ Tg 2m (Hi+{) in Y dli * 2 . 

In particular ijf s tg ^ maps the interval pages into interval pages. If we then construct 
the glued limit space as in Theorem 6.1 we obtain, 

(193) Y 2 = Y(S 2i , ip' 5nM J = Y u [0, 1] x {0} u [0, 1] x {0} u [0, 1] x {0} u ■ • ■ 
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which has infinitely many pages that are intervals in addition to all the pages shaped like 
rectangles. So we have two distinct glued limit spaces for the sequence 62, = 1/(20- a 

7. Glued Limits under Curvature Bounds 
In this section we prove the existence of glued limits of sequences of manifolds with cer- 



tain natural geometric conditions [Theorems 7.1 and|7.4|. We do not require the sequences 



of manifolds themselves to have Gromov-Hausdorff limits. 

7.1. Constructing Glued Limits of Manifolds with Cons tant Sectional Curvature. In 



this section we prove that if Mj e M"^ v '' (see Definition 5.1 1 then the sequence has a glued 



limit space [Theorem 7.1 1. The sequence need not have a Gromov-Hausdorff limit (see 
Remark|7.21l. 



Theorem 7.1. Given any 6q > if(Mj,gj) c M"^ v ' 1 , then there is a Gromov-Hausdorff 
convergent subsequence {M 6 ?} and a glued-limit space Y such that for all 5 e (0,<5o] there 
exists a further subsequence {j' k } of\jk}for which M s , converges in Gromov-Hausdorf sense 
to a compact metric space Y 6 and for any such Y s there exists an isometric embedding 

(194) F S :Y 6 -* Y. 



2.13 



and Ex- 



Remark 7.2. The sequences of flat surfaces, Mj c E 2 , defined in Example 
ample \6Jl\ have a common finite upper volume bound but there is no common finite upper 
bound for the number of disjoint balls of Mj of radius less than 1. Thus, these two se- 
quences do not have a Gromov-Hausdorff limit. Nonetheless since 

(195) L m i n (Mj) — mi{Lg(C) : C is a closed geodesic in Mj } > I 



Theorem 7.1 demonstrates that we can construct glued limits for these spaces. 



Remark 7.3. The choice of the a further subsequence \ j' k } of{jk) in Theorem\ 7.1\i s nec- 
essary. Let (Mj,gj) C A4q' V ' 1 be the sequence defined in defined in Example \4.4\ Take 
6q — 3e. Then {M s . a } is a Gromov-Hausdorffconvergent sequence. Choosing 2e € (0, 6q] 
we see that My converges in Gromov-Hausdorff sense but Mj s does not. 



Proof. Consider the sequence do, 5i = 60/i, i e N. Start with 6q. By Theorem 5.2 there 
exist a subsequence {jtido)}^ of j and a compact metric space Y s ° such that 



(196) (M jkm ,d M . tW )^(Y s \d ¥So ). 

Proceeding as before for « e N, there is a subsequence {jkiSn)}^ of {jkidn-i)}^ an d a 
compact metric space Y 6 "(jk{5„)) such that 



(197) <>/';_.</.,. 
Define jk = jk(8k)- We have 

(198) (M*" k ,d M]k )™Y s " 

for n = 0, 1,2, ••■ since {jk}T = is a subsequence of {jkiSn)}^. We may now apply Theo- 



rem 6.3 to complete the proof. □ 
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7.2. Constructing Glued Limits with Ricci curvature bounds. Here we prove that glued 
limits exist for noncollapsing sequences of manifolds with nonnegative Ricci curvature and 
bounded volume which have control on the intrinsic diameters of their inner regions (de- 
fined in Q: 

Theorem 7.4. Given m e N, a decreasing sequence, 6, — > 0, i = 0, 1, 2, • ■ ■, V > 0, 6 > 0, 
and Dj > 0, /ef (Mj,gj) be a sequence of m dimensional open Riemannian manifolds with 
nonnegative Ricci curvature, Vol(M) < V, such that 

( 1 99) sup[ Diam {m 6 ! , d^, j : j e n) < D, V/ e N, 
and 

(200) V; e N 3qj e M*° such that Vol(B 9j (5 )) > 0<5£. 

Then there exists a subsequence jk such that for all 5,- {M S j'J converge in the Gromov- 
Hausdorff sense to a compact metric space Y Si . Thus Mj k have a glued-limit space Y such 
that for all 6 e (0, So] there exists a further subsequence [/,} of {j^} for which M s , converges 

in Gromov-Hausdorf sense to a compact metric space Y s and for any such Y s there exists 
an isometric embedding 

(201) F s : Y s -> Y. 
Remark 7.5. If there is D > such that 

(202) sup Se( o M {Diam (M?, d M s)} < D 

Then we could take D; — D for all i. But this requirement is unnecessarily strong. 



Remark 7.6. The choice of a further subsequence {/,} ofijk} in Theorem 7.1 is necessary. 
For the sequence (Mj, gj) defined in Example 4.4 consider a decreasing sequence, 8i — > 0, 
i — 0, 1,2, • • • such that 6q — 3s and 5\ — s. Then the hypotheses of the theorem are 
satisfied. For all 5 ), {M s j} converges in Gromov-Hausdorff sense. Now for 2s e (0, 6q], 
{M^ s } does not have a Gromov-Hausdorff limit. 

Proof. Take 6 e (0, do], by hypothesis and Bishop-Gromov volume comparison theo- 
rem |2~19l 

do) - 06 " 1 - 

The above inequality and the hypotheses of the theorem imply that for each i, 
(204) {(Mj,gj)}cMf" D " V . 

Start with do. By Theorem jL4j there exists a subsequence {jkido)}^ of UYjLi sucn mat 

Proceeding as before for n e N, there exists a subsequence {jj : (d„)}^ =1 of Uk(^n-i)}T = i an d 
a compact metric space Y 6 "{jk{5 n )) such that 

(206) </>). 
Define ji = jk(6k). We have 

(207) (M s j ';,d Mik )^(Y s ",d P , l ) 

for n G N since {jk\T = is a subsequence of {jk(/>n)YjLy Finally, apply Theorem 6.3 □ 
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8. Properties of Glued Limit Spaces under Curvature Bounds 
In this final section of the paper we consider the local properties of the glued limits of 



sequences of manifolds with constant sectional curvature as in Theorem 7. 1 and manifolds 



with nonnegative Ricci curvature as in Theorem 7.4 We begin with an example indicating 
how even when the sequences of manifolds has a Gromov-Hausdorff limit, one need not 
retain curvature conditions on the Gromov-Haudorff limit space [Example |8.1| . This is 
in sharp contrast with the setting where the Riemannian manifolds are compact without 
boundary. In this example, the glued limit space is empty. Then we have a subsection 



about balls in glued limit spaces without any assumption on curvature [Theorem 8.3 1. We 
apply this control on the balls to prove that local curvature properties do persist on glued 
limit space. In particular we prove Proposition |8.4| that the glued limits of manifolds with 
constant sectional curvature bounds (and other conditions) are unions of manifolds with 



constant sectional curvature. We close with Theorem 8.8 concerning the metric measure 



properties of glued limits of manifolds with nonnegative Ricci curvature. 

8.1. An Example with no Curvature Control. We now construct a sequence of flat open 
manifolds whose Gromov-Hausdorff limit is not flat: 

Example 8.1. Let B p (l) c H 2 be a unit ball in hyperbolic space and fio(l) c E 2 be the 
unit ball in Euclidean space. Then exp^ : Bq(Y) — > B p (l). Let 

(208) Sj = {(// k/ j): i, k E Z} n B Q (l) c E 2 

and S'j — exp p (S j). We can form a graph Aj whose vertices are in S j and whose edges form 
a triangulation. That is we connect (// j, k/ j) to the points ((/ + 1)/ j, kj j), (ij j, (k+ 1)/ j) and 
((/ +1)/ j, (k + 1)/ j). We let A'j — exp p (Aj) and set the lengths of the edges in A'j to be the 
distances between the vertices viewed as points in H 2 . Then A'j converges to B p (l) c H 2 in 
the Gromov-Hausdorff sense. 

Now we define A'J to be the simplicial complexes formed by filling in the triangles in A'j 
with flat Euclidean triangles. Observe that A'J converges to B p (l) C H 2 in the Gromov- 
Hausdorff sense as well. Finally, for each j we remove tiny balls of radius « l/j around 
the vertices in A'J, to create aflat open manifold, Mj. These Mj converge in the Gromov- 
Hausdorff sense to B p (l) c H 2 . 

Remark 8.2. Example \8.1\ has an empty glued limit space. In the next subsections we 
will see that the glued limit spaces do retain some of the curvature properties of the initial 
sequence of manifolds. Thus the glued limit space is a more natural object of study than 
the Gromov-Haudorff limit even when the Gromov-Haudorff limit exists. 

8.2. Balls to Glued Limit Spaces. Generally when one wishes to study the properties of a 
complete noncompact limit space, one studies balls in the limit space as Gromov-Hausdorff 
limits of balls in the sequence. Here we cannot control balls in the limit space, but we can 
control balls of radius e < 5, ■ - 6i+\ centered in Fg.(Y s ') intersected with Fg M (Y 6i+1 ), This 
will suffice to study the geometric properties of the glued limit spaces. 



Theorem 8.3. Let Y be a glued limit of a sequence of Riemannian manifolds Mj as in 
Theorem 



6.3 



Ify e Y 6 ' and e < 6, - 6i+\ , then there exists a subsequence M 6 J t containing 



points y j k and £j k — > e such that 

(209) B(y jk , e jk ) = [x e M jk : d M (x, y jk ) < e jk } c M 
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and 



(210) d GH { (B(y h , e h ), d Mjt ) , (B(F Si (y), e) n F Sm {Y 5 ^ ), d Y ) ) ™ 0. 



Note that in Example 6.15 we saw that BiFg^y), e) n Fg t+l (Y 5M ) need not be isometric 
to B(F$.(y), e) C Y even when e is taken arbitrarily small. 



Proof. Recall that <ps M ,s t was defined in the following way, see Theorerr6.1 We picked 
isometric embeddings 

(211) tpj : M 6 j l+ ' ->Z, 

(212) (floa : Y Sm -» Z 
such that 

(213) 4(^(^«),M^ i+1 ))^0 
Then we found a subsequence such that 

(214) 4(PA(<).**) ~» 
and chose tpg M j t to be an isometry such that 

(215) <Ps M *W*) = <f~J(X S ')- 
Then there exist 

(216) y h 6 M| c M* +l c A/, 
such that 

( 217 ) d H{vj t (yh)><p°°(<p<> i+1 A(y)) -> o 



Let e' e (0, 6, - Then by Lemma 3.3 we have 

(2 1 8) B(y h ,e') = {xe M jk : d M (x, y h ) < e' } c Mf< . 
From this and since (pj t : M f* 1 — > Z is an isometry into its image: 

(219) (B(y jk ,e'),d M i i+1 ) is isometric to (B(<p jk (y jk ), e / ) n 

By Lemma [272] for any e e (0,5, - 5,+i), there exists e/ t — > e eventually in (0,5, - (5,+i), 
such that 

(220) B(<p h (y Jk ), e h ) n ? a (m|+ ] ) A (y), e) n ). 
Now, 

(221) (B(^.^iA(y), e) n M^O.'fc) 
is isometric to 

(222) (%>«„ACy).e),<W) 
which is isometric to 

(223) (f^, B(^ j+I A 0), e), ) 
which is isometric to 

(224) (B(F dM <p s . +uS .(y),6) n F 5w y aw ,d r ). 
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Hence 

(225) ^fl((l^ A ,6 A ),d JfA ) 1 (lK^ l (^w.Cy)).e)n^ 1 y** 1 , < /r)) ™ 0. 



8.3. Properties of Glued Limits of Manifolds with Constant Sectional Curvature. 

Here we prove a proposition, present a key example and state two open questions con- 
cerning the glued limits of manifolds with constant sectional curvature. 

Proposition 8.4. Let Y be a glued limit space obtained from a sequence Mj e M"^ v ' 1 as 
in Theorem \7.1\ Then there exists a countable collection of sets, Wi C Y, each of which is 
isometric to an m dimensional smooth open manifold of constant sectional curvature, H, 
such that 

oo 

(226) Y c (J Wi. 
In fact 

(227) F S ,(Y S >) c Wi c F Sm (Y Sm ) c Y 



See Example 8.5 in which the glued limit space is a countable collection of fiat tori 
which are not connected to one another but have a metric restricted from a larger compact 
metric space of finite volume. 



Proof. Recall that any glued limit space, Y, defined as in Theorem 6.3 depends on a 
sequence Si — > and gluings ifs M ,Si '■ Y Si *' ~ * Y 6 ' ■ Th ere are isometric embeddings 
F s . : Y s > -> Y such that 

OO 

(228) Y c[j F Si (Y s -) 

i=\ 

and 

(229) F 6i {Y s >) c F tfw (y*M). 
Let 

(230) €i = min {<?,- - 5 i+u 1/2, n /2 

where h — H when H > and h = (l/n) 2 otherwise. 
Let 

(231) Wi = r„(F tf| (i*)) n f Sm (y Sm ) c y 

First observe that by ( 229 1 we have 

(232) F Si (Y s >) c W h 



So combined with (228 1, we have (226 1. So we need only show W, is a smooth m dimen- 
sional open manifold of constant sectional curvature, H. 

For all w e Wi, there exists y M e Fff ( (K*') such that w e By x {ei) c F. Since 

(233) B v Je,) c T ^F Si {Y s >)) 
we have 

(234) t/ = B ym (e,) n F a , +1 (F 5 '+' ) = B y „ (e,) n W t . 

We need only show that U is isometric to a ball of radius e, in M™, the m dimensional 
simply connected manifold with constant sectional curvature H. 
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There exists y e Y 1 such that y^, = Fgfy). By Theorem 8.3 and the fact that e, < 
Si - Sj+i, there exists a subsequence M*' containing points yj k and e- h — > e,- such that (209 1 
and (12 1 Ob are satisfied. 



Since e, < 1/2, then for A: sufficiently large £j k < 1/2 and so by (209 1 and Mj satisfy the 



conditions of Theorem 5.2 by (90 1 we know there is an Riemannian isometric diffeomor- 
phism from B(yj t , e Jk ) to a ball in M™, the m dimensional simply connected manifold with 
constant sectional curvature H. Since e, < 's/Hk/2 when H > 0, we have a convex ball, so 
that, as metric spaces, 



(235) 



(B(y jt , e jt ),d M ) is isometric to (B(p, e jt ), d M ™)- 



Taking k — > oo, the closure of these latter balls converge in the Gromov-Hausdorff sense 
to (B(p, e,), c/m™)- Thus by (210 1 and the uniqueness of Gromov-Hausdorff limits, 

(236) (B( yoo , ed n F Sm (Y Sm ), d Y ) is isometric to (B(p, e,), d M7l ). 

Thus we have ( |234| > and we are done. □ 

Example 8.5. In this example we construct a glued limit space, Y, for a sequence of 



manifolds, MJ, satisfying the conditions of Theorem 5.2 In addition the M™ converge in 
the GH sense to a metric space X, so that the glued limit space is unique. The glued limit 
Y is a countable union of connected flat manifolds with the restricted metric from X. 

Proof. Let M\ be two flat square annuli connected by a slanted strip of width 1 and length 



V2: 








(237) 




M, = C ,i UC U USo,i c K 3 




where 








(238) 


Co,i - 


(((-1, 1) x (-1, 1)) \ ((-1/2, 1/2) x [-1/2, 1/2])) 


x{0] 


(239) 


Ci.i = 


(((-1, 1) x (-1, 1)) \ ((-1/2, 1/2) x [-1/2, 1/2])) 


x{l) 


(240) 


So,i = 


[(x,y,z) : (x,y) € (-1/2, 1/2) x [-1/2, 1/2], z = 


x+ 1/2} 



Endowed with the length metric, this is isometric to an open manifold with constant sec- 
tional curvature 0. Note that for 6 > 1/4, 



(241) 



MjcCojUCy. 



Let M2 be three fiat square annuli of total area < 4+4 + 4(1/4) connected by two slanted 
strips of width 1/2: 

(242) M 2 = C 0>2 U Ci,2 U C 2 , 2 U S 1,2 U S 2,2 c R 3 
where 

(243) C ,2 = (((- 1, 1) X (- 1, 1)) \ ((- 1/4, 1/4) X [- 1 1 A, 1 /4])) x {0} 

(244) C 1>2 = (((-1/2, 1/2) x (-1/2, 1/2)) \ ((-1/4, 1/4) x [-1/4, 1/4])) x {1/2} 

(245) C 2 , 2 = (((-l,l)x(-l,l))\((-l/4,l/4)x[-l/4,l/4]))x{2/2) 

(246) S ,2 = {(x,y,z): (x,y) e (-1/4, 1/4) x [-1/4, 1/4] z = x + 1/4} 

(247) Si >2 = [(x,y,z): (x,y) 6 (-1/4, 1/4) x [-1/4, 1/4] z = x + 3/4}. 
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Endowed with the length metric, this is isometric to an open manifold with constant sec- 
tional curvature 0. Note that for S > 1/8, 

(248) M\ c Co, 2 U C 1)2 U C 2 ,2 \ (B((0, 0), 5) x [0, 1]). 

Let Mj be (J+ 1) fiat square annuli of total area < 4+4 ZL (1 /2V connected by j slanted 
strips of width (l/2 j ): 

j 7-1 

(249) .v/ ; -yc, ; .jy.v, ; c i : 

/=() i=0 

where 

C j = (((-1, 1) x (-1, 1)) \ ((-l/2 j+1 ,l/2 i+1 ) x [-1/2* 1 , 1/2* 1 ])) x {0} 

Cy = (((-2'^, 2'">) x (-2''--'', 2''^)) \ ((-l/2^' +1 , l/2- /+1 ) x [-1/2* 1 , l/2^' +I ])) x {2^} 

Cy = (((-1, 1) x (-1, 1)) \ ((-l/2> +I , l/2> +1 ) x [-1/2* 1 , l/2'' +1 ])) x {2«} 

Soj = ((x.y,z): (x,y)e(-l/2> fl ,l/2^ 1 )x[-l/2> fl ,l/2^ 1 ]z = *+l/2^ 1 } 

Sy = {(x.y.z) : fey) e (-l/2'' +1 , l/2^' +1 ) x [-l/2^' +1 , l/2^' +1 ] z = m/x + l/2'' +1 ) + 2*">) 



where 
(250) 



2''+W - 2 l -i 



1 (l/2j +1 )-(-l/2J +1 Y 
Endowed with the length metric, this is isometric to an open manifold with constant sec- 
tional curvature 0. Note that for 6 > 1 /2- 7 " 1 " 2 , 

(251) Mj c Coj U • ■ • U Cjj \ (B((0,0),(5) x [0, 1]). 
The Gromov-Hausdorff limit of the Mj exists and can be see to be 

oo 

(252) X = (Jc y US cR 3 

7=0 

where 

(253) Co = (((-l,l)x(-l,l)))x{0) 

(254) C; = (((-2'- j ,2 H )x(-2 H ,2 H )j)x{2 H } 

(255) S = {(0,0,z): ze[0,l]} 

endowed with the length metric. The Gromov-Hausdorff limit, Y s of the M d . exists and 

(256) Y s <z X\ (B((Q,0),S) x [0, 1]). 

In fact T =X\S . a 

Open Question 8.6. Are the glued limits of sequences of manifolds with constant sectional 
curvature open manifolds with constant sectional curvature? We know they need not be 
connected by Example \8.5\ 

Open Question 8.7. Are the glued limits of sequences of manifolds with constant sectional 
curvature unique? Perhaps an adaption of Example \8.5\ could be applied to show that they 
are not. 
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8.4. Properties of Glued Limits of Manifolds with Nonnegative Ricci Curvature. We 

now prove the final theorem of our paper and state the last two open questions: 

Theorem 8.8. Suppose we have a sequence ofm dimensional open Riemannian manifolds 
Mj with nonnegative Ricci curvature and Vol(M ; ) < Vo and that there exists a sequence 
5i — > 0, such that the inner regions, M 6 j, converge in the Gromov-Hausdorff sense as j 



oo to Y ' without collapsing. Suppose that Y is a glued limit constructed as in Theorem 6.3 



Then Y has Hausdorff dimension m, < H m (Y) < Vo and its Hausdorff measure has positive 
lower density everywhere. 

Note that this theorem may be applied to study the glued limits of sequences of mani- 
folds satisfying the conditions of Theorem [74] 

To prove this theorem we will apply Cheeger-Colding's Volume Convergence Theorem 
|2||3| which was reviewed in Subsection |2.6| See Theorem |2 .25 1 and Remark [Z26] for the 
precise statement we will use here. 

Proof. First we prove that 

(257) Wi = T( Si - Si+l )/2 (F Si (l* 5 ')) n F d , tl (Y'^) c Y. 

have Hausdorff dimension m and have doubling Hasudorff measures. For any w e W,, let 

(258) U w =B(w,(d i -Si + i)/2)nW i . 

We can find y e Y Si such that dy{y, w) < (5j - <5,+i)/2. Then we have 

(259) U w = B (w, (6t - S i+1 )/2) n B (F s .(y), 6, - 6 M ) n F Sm (Y 6 ^ ) 

By Theore m 1 8. 3 1 we have a subsequence jk, points yj t e Mj' and e, t — > e = (<5; - <5, + i)/2 
satisfying ( |2U9[ l and ( |210| i: 

(260) d CH {{B{y jk ,e h ),d M]k ),{B{F Si {y),e) n F Si JY s -'),d Y )) ™ 0. 
Combining this with the fact that 

(261) w e B(y, (tf, - S M )/2) c B{F s fy), e) n Fg M (Y 6 >+< ) c Y 
there exists 

(262) Zj, k e Ry h ,{6i - S M )/2) c B(y jk , e jk ) c M jt 
such that 

(263) d GH {{B(z h ,(5i-5 i+l )l2),d Mik ),{u w ,d Y )) ™ 0. 

Since we assumed this is noncollapsing, then by the Cheeger-Colding Volume Conver- 
gence Theorem mentioned above we have 

(264) ( H m {B w (r) n U w ) = lim <HJB Z (r)) 



for all r < r, = (5, - <5, + i)/2. By (259 1 and Bishop's Volume Comparison Theorem, we see 
that 

(265) ( H m {B v (r) n Wj) = ?4(B w (r) n < w m r m Vr < r ; 

is positive and finite for any w e W,. By Bishop-Gromov's Volume Comparison Theorem, 

(266) — > — V w 6 VV;, n < < r,-. 

HniBJn) n w,) 
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Since Wi is a subset of the compact Fg M (Y dM ) it is precompact. Let W\, ...w^ c Wi be a 
maximal collection such that B(w h r,/2) are disjoint. Then 



(267) 

and 

(268) 



Wi cQ B(w n , ri ) 



n=\ 



WW) < £-H m (B(w„,r,) < (l/qr^WWwn,*/*)). 



«=] 



But it is not hard to see examining ( |209| l that fi(w„, r,/2) are the limits of disjoint balls in 

Mj, so 



(269) 



^TOw..»V/4)) < limsup<W m (M*) < V . 



So W, has Hausdorff dimension m and 

(270) HJWi) < Vb- 

Now 



(271) 

so it has Hausdorff dimension m and 



y = IJ Wi 



(272) "74(10 < V . 

Now to see that Y has positive density everywhere, we must show 

(273) 



@ ^^) =limM W^ >0 , 
V r-K) r" 1 



For fixed z > / v , we have 



(274) 



H„(B(y,r))>9{ m (B(y,r)nW i ). 
Combining this with ( 266 1 we have 

. <H m (B(y, r)nWd 



(275) 
(276) 

(277) 



®»(y,<H m ) = liminf 

r— »0 



> lim inf 

r->0 



H,(«Cy,rj)nWj) 



> ^(%, fi )nff,) 

— r? 1 



Open Question 8.9. Are the glued limit spaces of sequences as in Theorem 8.8 unique? 

Open Question 8.10. Are the glued limit spaces of sequences as in Theorem \8.8\ countably 
<H m rectifiable? 
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